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Recently the concept of quasi parton distributions (quasi-PDFs) for hadrons has been proposed.
Quasi-PDFs are defined through spatial correlation functions and as such can be computed numer-
ically using quantum chromodynamics on a four-dimensional lattice. As the hadron momentum is
increased, the quasi-PDFs converge to the corresponding standard PDFs that appear in factorization
theorems for many high-energy scattering processes. Here we investigate this new concept in the
case of generalized parton distributions (GPDs) by calculating the twist-2 vector GPDs in the scalar
diquark spectator model. For infinite hadron momentum, the analytical results of the quasi-GPDs
agree with those of the standard GPDs. Our main focus is to examine how well the quasi-GPDs
agree with the standard GPDs for finite hadron momenta. We also study the sensitivity of the
results on the parameters of the model. In general, our model calculation suggests that quasi-GPDs
could be a viable tool for getting information about standard GPDs.
I. INTRODUCTION
Parton distributions (PDFs) are key quantities characterizing the quark and gluon structure of strongly interacting
particles such as the nucleon [1]. Factorization theorems in quantum chromodynamics (QCD) [2] allow one to extract
PDFs from experimental data for a variety of high-energy scattering processes. On the other hand, the numerical
calculation of PDFs from first principles using lattice QCD has remained difficult. The main cause of the problem is
the time-dependence in the definition of PDFs in terms of light-cone correlation functions. This affects attempts to
find the full dependence of PDFs on the momentum fraction x carried by the parton. In the past, most studies of
PDFs in lattice QCD have therefore focussed on x-moments which are given by time-independent local operators.
Recently so-called quasi-PDFs have been suggested as a way out of this problem [3, 4]. Quasi-PDFs, which converge
to the standard PDFs if the hadron momentum P 3 = |~P | is increased, are given through spatial correlation functions
that can be addressed in lattice QCD. More specifically, it has been argued that for P 3 →∞ the infrared behaviors
of quasi-PDFs and standard PDFs are identical [3, 4]. The ultraviolet (UV) behaviors of the two types of PDFs
are different though. But this difference can be taken care of through renormalization and a perturbative matching
procedure — see for instance Refs. [5–7] — so that for P 3 → ∞ one exactly recovers the standard PDFs. We also
mention that other approaches to compute the x-dependence of PDFs in lattice QCD have been proposed, some of
which are closely related to the concept of quasi-PDFs [8–18].
In the meantime the behavior of the quasi-PDFs under renormalization [19–28] and a number of further aspects of
quasi-PDFs and related Euclidean correlation functions have been explored [29–51]. In particular, the first encouraging
lattice results for quasi-PDFs and similar quantities became available [15, 23, 24, 27, 52–67]. Moreover, several model
calculations of quasi-PDFs have been carried out [68–74]. These studies have largely focused on how well, for a given
model, the quasi-PDFs describe the corresponding standard GPDs as functions of P 3.
In the first paper on quasi-PDFs it has already been suggested that generalized parton distributions (GPDs) could
also be studied by means of spatial correlation functions (quasi-GPDs) [3]. Over the past two decades, GPDs [75–
79] have attracted enormous interest — see Refs. [80–86] for reviews. Leading-twist (twist-2) GPDs allow one to
access the angular momentum of partons inside hadrons [76], and they contain information on the three-dimensional
structure of hadrons [87–90]. While GPDs in principle can be measured via hard exclusive processes such as deeply-
virtual Compton scattering and meson production [76–79, 91, 92], it is challenging to map them out fully through
experimental data. It would therefore be useful to have further input/constraints on GPDs from lattice QCD.
Previous papers on quasi-GPDs have dealt with perturbative matching calculations [93, 94]. In the present work we
study the twist-2 vector GPDs — commonly denoted by H and E — in the scalar diquark model (SDM). In particular,
we investigate how well in this approach the quasi-GPDs converge to the standard GPDs if P 3 is increased.
We organize the paper as follows: In Sec. II we provide some kinematical relations and the definitions of quasi-
GPDs. Throughout this work we will explore two definitions of these objects. In Sec. III we discuss the analytical
results for the quasi-GPDs in the SDM and consider their forward limit. For P 3 →∞ all analytical results of the quasi
distributions reduce to those of the corresponding standard distributions. In Sec. IV we present the numerical results
for the quasi distributions. The impact of varying model parameters is explored as well. In the large-x region, for the
quasi-GPDs HQ and EQ large hadron momenta are needed to recover the standard GPDs H and E, respectively. If
the skewness variable is large, the quasi-GPDs converge quite well to the standard GPDs for a considerable fraction
of the ERBL region. Finally, in Sec. V we summarize our work.
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2II. GPDS: DEFINITION AND KINEMATICS
We first recall the definition of the standard twist-2 vector GPDs of quarks for a spin- 12 hadron. Standard GPDs
are defined through the light-cone correlation function (see for instance Ref. [81])1
F [Γ](x,∆) =
1
2
∫
dz−
2pi
eik·z 〈p′|ψ¯(− z2 ) ΓW(− z2 , z2 )ψ( z2 )|p〉
∣∣∣
z+=0,~z⊥=~0⊥
, (1)
with Γ denoting a generic gamma matrix. The color gauge invariance of this quark-quark correlator is ensured by the
Wilson line
W(− z2 , z2 )
∣∣∣
z+=0,~z⊥=~0⊥
= P exp
(
− igs
∫ z−
2
− z
−
2
dy−A+(0+, y−,~0⊥)
)
, (2)
where P indicates path-ordering, gs the strong coupling constant and A+ the plus-component of the gluon field. The
four-momentum of the initial-state (final-state) hadron is p (p′). (Throughout this work we omit spin labels for the
hadron.) We also use the common kinematical variables
P =
1
2
(p+ p′) , ∆ = p′ − p , t = ∆2 , ξ = p
′+ − p+
p′+ + p+
= − ∆
+
2P+
, (3)
where for the skewness variable ξ the range 0 ≤ ξ ≤ 1 is considered. We work in the so-called symmetric frame for
which ~P⊥ = 0, with P 3 > 0 large. The Mandelstam variable t can be expressed through ξ and ~∆⊥,
t = − 1
1− ξ2 (4ξ
2M2 + ~∆2⊥) , (4)
with M the hadron mass. For the numerical results, ξ and ~∆2⊥ are used as independent variables. For later convenience
we also introduce the quantity
δ =
√
1 +
M2 − t/4
(P 3)2
. (5)
By means of P 2 = M2 − t/4 one then readily finds P 0 = δP 3. For Γ = γ+, Eq. (1) defines the twist-2 vector GPDs
H and E,
F [γ
+](x,∆) =
1
2P+
u¯(p′)
[
γ+H(x, ξ, t) +
iσ+µ∆µ
2M
E(x, ξ, t)
]
u(p) , (6)
where u(p) (u(p′)) is the 4-component Dirac spinor for the incoming (outgoing) hadron, and σµν = i2 (γ
µγν − γνγµ).
In addition to ξ and t, the standard GPDs depend on the (average) plus-momentum of the quarks x = k
+
P+ , and on
a renormalization scale which we have omitted for brevity. The support for standard GPDs is −1 ≤ x ≤ 1, where
ξ ≤ x ≤ 1 (−1 ≤ x ≤ −ξ) is the DGLAP region for quarks (antiquarks), and −ξ ≤ x ≤ ξ is the ERBL region.
We now turn to the quasi-GPDs which are defined through the spatial correlator [3, 93]
F
[Γ]
Q (x,∆;P
3) =
1
2
∫
dz3
2pi
eik·z 〈p′|ψ¯(− z2 ) ΓWQ(− z2 , z2 )ψ( z2 )|p〉
∣∣∣
z0=0,~z⊥=~0⊥
, (7)
with the Wilson line
WQ(− z2 , z2 )
∣∣∣
z0=0,~z⊥=~0⊥
= P exp
(
− igs
∫ z3
2
− z
3
2
dy3A3(0,~0⊥, y3)
)
. (8)
1 For a generic four-vector v we denote the Minkowski components by (v0, v1, v2, v3) and the light-cone components by (v+, v−, ~v⊥), with
v+ = 1√
2
(v0 + v3), v− = 1√
2
(v0 − v3) and ~v⊥ = (v1, v2).
3The correlation function in Eq. (7) depends on the ratio x = k
3
P 3 , the momentum transfer ∆, the (average) hadron
momentum P 3 and a renormalization scale, which we have again omitted.2 Here the ratio x can take any value, but if
x is outside the range [−1, 1] the correlator is very small for large P 3. We consider two definitions of the quasi-GPDs,
F [γ
0](x,∆;P 3) =
1
2P 0
u¯(p′)
[
γ0HQ(0)(x, ξ, t;P
3) +
iσ0µ∆µ
2M
EQ(0)(x, ξ, t;P
3)
]
u(p) , (9)
F [γ
3](x,∆;P 3) =
1
2P 3
u¯(p′)
[
γ3HQ(3)(x, ξ, t;P
3) +
iσ3µ∆µ
2M
EQ(3)(x, ξ, t;P
3)
]
u(p) . (10)
In the literature, so far only Eq. (10) with the matrix γ3 has been used. But based on existing results for quasi-PDFs
we want to explore both definitions. While the original paper on quasi-PDFs suggested to use the matrix γ3 [3] for the
unpolarized quasi-PDF f1,Q(x;P
3), it was later argued that the matrix γ0 would lead to a better suppression of higher-
twist contributions [32]. It was also found that γ0 is preferred from the point of view of renormalization [22]. If one
leaves aside these complications, one could work with any linear combination Γ = aγ3+bγ0 with a+b = 1, in particular
also Γ = γ+/
√
2. In the matching calculations in Refs. [93, 94] the (negative of the) variable ξ˜3 = −∆3/(2P 3) was
used as the argument of the quasi-GPDs instead of ξ. The two variables are related through ξ˜3 = δξ. While they
become identical in the limit P 3 → ∞, their difference can be non-negligible for the finite P 3 values that we use
for the numerics. We finally note that with P ·∆ = 0 one finds the relation ∆0 = −2ξP 3 which we exploit for the
analytical calculations.
III. ANALYTICAL RESULTS IN SCALAR DIQUARK MODEL
The SDM for a relativistic spin- 12 particle is specified through the Lagrange density
LSDM = Ψ¯
(
i /∂ −M)Ψ + ψ¯(i /∂ −mq)ψ + 1
2
(
∂µϕ∂
µϕ−m2s ϕ2
)
+ g
(
Ψ¯ψ ϕ+ ψ¯Ψϕ
)
, (11)
with /∂ = ∂µγ
µ. In Eq. (11), Ψ denotes the (fermionic) hadron field, ψ the quark field, and ϕ the scalar diquark field.
For the hadron to be stable the masses need to satisfy the relation M < ms +mq. The main ingredient of the model
is the hadron-quark-diquark vertex with the coupling constant g. In this framework one can carry out perturbative
calculations. All the model results for PDFs discussed below are of O(g2), which is the lowest nontrivial order. We do
not consider virtual diagrams which contribute for x = 1 only. Diquark spectator models have been used frequently
to study various aspects of the nucleon structure — see for instance Refs. [95–99]. Often, scalar and vector diquarks
have been involved simultaneously in order to obtain distributions of both up quarks and down quarks in the nucleon.
In addition, the nucleon-quark-diquark vertices have frequently been multiplied by form factors. By so doing one
can eliminate UV divergences of parton correlation functions, and the model becomes more flexible due to additional
parameters. On the other hand, the model then no longer follows from a Lagrange density. The first model calculation
of quasi-PDFs has actually been carried out in such a type of diquark model [68] (see also Ref. [69]). The main findings
of our study are not very sensitive to the type of the diquark. We take the model as defined through Eq. (11), and
we use a cutoff for the transverse quark momenta. Below we briefly compare our calculation to Refs. [68, 69].
A. Results for quasi-GPDs
We first discuss the results for the standard GPDs H and E. To O(g2), one finds for the correlator in Eq. (1)
F [Γ](x,∆) =
i g2
2(2pi)4
∫
dk− d2~k⊥
u¯(p′)
(
/k + /∆2 +mq
)
Γ
(
/k − /∆2 +mq
)
u(p)
DGPD
, (12)
with the denominator
DGPD =
[(
k +
∆
2
)2
−m2q + iε
] [(
k − ∆
2
)2
−m2q + iε
] [
(P − k)2 −m2s + iε
]
. (13)
2 In the literature, frequently the same symbol (x) is used for k
+
P+
and k
3
P3
, even though the two ratios are obviously different. Here we
follow this convention.
4Using Gordon identities and performing the k−-integral with contour integration one obtains
H(x, ξ, t) =

0 −1 ≤ x ≤ −ξ ,
g2(x+ ξ)(1 + ξ)(1− ξ2)
4(2pi)3
∫
d2~k⊥
NH
D1D
−ξ≤x≤ξ
2
−ξ ≤ x ≤ ξ ,
g2(1− x)(1− ξ2)
2(2pi)3
∫
d2~k⊥
NH
D1D
x≥ξ
2
x ≥ ξ ,
(14)
and a corresponding expression for the GPD E. The numerators are given by
NH = ~k
2
⊥ + (mq + xM)
2 + (1− x)2 t
4
− (1− x)ξt
~k⊥ · ~∆⊥
~∆2⊥
, (15)
NE = 2(1− x)M
[
mq +
(
x+ 2ξ
~k⊥ · ~∆⊥
~∆2⊥
)
M
]
, (16)
while the denominators are
D1 = (1 + ξ)
2~k 2⊥ +
1
4
(1− x)2~∆2⊥ − (1− x)(1 + ξ)~k⊥ · ~∆⊥ + (1− x)(1 + ξ)m2q + (x+ ξ)(1 + ξ)m2s
− (1− x)(x+ ξ)M2 ,
D−ξ≤x≤ξ2 = ξ(1− ξ2)~k 2⊥ +
1
4
(1− x2)ξ~∆2⊥ + x(1− ξ2)~k⊥ · ~∆⊥ + ξ(1− ξ2)m2q − ξ(x2 − ξ2)M2 ,
Dx≥ξ2 = (1− ξ)2~k 2⊥ +
1
4
(1− x)2~∆2⊥ + (1− x)(1− ξ)~k⊥ · ~∆⊥ + (1− x)(1− ξ)m2q + (x− ξ)(1− ξ)m2s
− (1− x)(x− ξ)M2 . (17)
We repeat that standard GPDs vanish for x outside the region [−1, 1]. In the SDM they also vanish for −1 ≤ x ≤ −ξ
since, to O(g2), there cannot be an antiquark distribution for a fermion target. The twist-2 standard GPDs are
continuous for x = ± ξ even though they are given by different analytical expressions in the DGLAP and ERBL
regions. Note that spectator models typically lead to discontinuous higher-twist standard GPDs [100]. The analytical
results for H and E can also be extracted from results for generalized transverse momentum dependent parton
distributions given in Ref. [101]. We find complete agreement with that work.
The model result for the quasi-GPD correlator in Eq. (7) reads
F
[Γ]
Q (x,∆;P
3) =
i g2
2(2pi)4
∫
dk0 d2~k⊥
u¯(p′)
(
/k + /∆2 +mq
)
Γ
(
/k − /∆2 +mq
)
u(p)
DGPD
, (18)
from which, by means of Gordon identities, one obtains
HQ(0/3)(x, ξ, t;P
3) =
i g2P 3
(2pi)4
∫
dk0 d2~k⊥
NH(0/3)
DGPD
, (19)
with the numerators
NH(0) = δ(k
0)2 − 2
P 3
[
x(P 3)2 −mqM − x t
4
− 1
2
δξt
~k⊥ · ~∆⊥
~∆2⊥
]
k0
+ δ
[
x2(P 3)2 + ~k 2⊥ +m
2
q + (1− 2x)
t
4
− δξt
~k⊥ · ~∆⊥
~∆2⊥
]
, (20)
NH(3) = − (k0)2 + 2
δP 3
[
x
(
(P 3)2 +M2
)− t
4
]
k0 − x2(P 3)2 + ~k 2⊥ +mq
(
mq + 2xM
)
+
t
4
− (1− x) ξt
δ
~k⊥ · ~∆⊥
~∆2⊥
. (21)
The quasi-GPDs EQ(0/3) are given by an expression analogous to Eq. (19), where the numerators are
NE(0) = −2Mδ
(
mq + xM + 2Mδξ
~k⊥ · ~∆⊥
~∆2⊥
)(
k0
δP 3
− 1
)
, (22)
5NE(3) = 2(1− x)M
(
M
δP 3
k0 +mq + 2
Mξ
δ
~k⊥ · ~∆⊥
~∆2⊥
)
. (23)
We carry out the k0-integral using contour integration. The poles for the quark propagator with momentum (k− ∆2 ),
the quark propagator with momentum (k + ∆2 ), and the spectator propagator are given respectively by
k01± = − ξP 3 ±
√
(x+ δξ)2(P 3)2 +
(
~k⊥ −
~∆⊥
2
)2
+m2q − iε , (24)
k02± = ξP
3 ±
√
(x− δξ)2(P 3)2 +
(
~k⊥ +
~∆⊥
2
)2
+m2q − iε , (25)
k03± = δP
3 ±
√
(1− x)2(P 3)2 + ~k 2⊥ +m2s − iε . (26)
We refrain from listing the explicit expressions after this integration. We have verified that for P 3 →∞ all analytical
results for the quasi-GPDs reduce to the analytical results for the corresponding standard GPDs. This finding is an
important cross check of the calculation, and it gives further support to quasi-GPDs as a tool to explore standard
GPDs. The quasi-GPDs in the model are nonzero for any value of x. However, for large P 3 all contributions
outside the region [−ξ, 1] are power-suppressed. We also mention that the positions of the poles in Eqs. (24)–(26)
do not depend on x. After the k0-integral one therefore has the same functional form for any value of x. This is
in contrast to standard GPDs, where the position of the k−-poles does depend on x and, as a result, one ends up
with different functional forms for the various regions even before performing the k⊥-integral. The quasi-GPDs are
therefore continuous. Since the positions of the k0-poles for quasi-GPDs do not depend on the twist we argue that,
in the SDM and similar approaches, higher-twist quasi-GPDs are continuous as well.
B. Results for quasi-PDFs
Based on the expressions for the GPDs one can readily obtain the results for the unpolarized forward PDF f1
through the relations f1(x) = H(x, 0, 0) and f1,Q(0/3)(x;P
3) = HQ(0/3)(x, 0, 0;P
3). Specifically, one finds
f1(x) =
g2(1− x)
2(2pi)3
∫
d2~k⊥
~k 2⊥ + (mq + xM)
2[
~k 2⊥ + xm2s + (1− x)m2q − x(1− x)M2
]2 , (27)
which agrees with the result obtained previously (see, e.g., Ref. [97]). Like for GPDs, the (model-independent) support
of standard PDFs is [−1, 1], where quark PDFs for negative x are related to antiquark PDFs for the corresponding
positive x. In our model calculation, f1(x) vanishes for negative x. Since at x = 0 the expression in Eq. (27) is
finite, f1(x) is discontinuous at this point in the SDM. (Note that for higher-twist standard PDFs even delta function
singularities at x = 0 can show up [102–106].) The discontinuity of f1 at x = 0 is not an artifact of the model, but
rather in accordance with phenomenology. To reach this conclusion we use the relation fq1 (−x) = −f q¯1 (x) and the
fact that the unpolarized quark and antiquark distributions are positive and nonzero for x→ 0.
For the quasi-PDFs f1,Q(0/3) one has
f1,Q(0/3)(x;P
3) =
i g2P 3
(2pi)4
∫
dk0 d2~k⊥
Nf1(0/3)
DPDF
, (28)
with the numerators
Nf1(0) = δ0(k
0)2 − 2
P 3
(
x(P 3)2 −mqM
)
k0 + δ0
(
x2(P 3)2 + ~k 2⊥ +m
2
q
)
, (29)
Nf1(3) = −(k0)2 + 2δ0xP 3k0 − x2(P 3)2 + ~k 2⊥ +mq
(
mq + 2xM
)
, (30)
and the denominator
DPDF =
[
k2 −m2q + iε
]2 [
(P − k)2 −m2s + iε
]
. (31)
In Eqs. (29) and (30) we have used the quantity δ0 = δ(t = 0). The quasi-PDFs, like the quasi-GPDs, have support
for any x, and they are continuous (including at the point x = 0) — see also Ref. [107].
6We again use contour integration to perfom the k0-integral in Eq. (28), where the poles are given by the expressions
in (24)–(26) evaluated for ξ = t = 0. In the forward limit one has double poles at k01± = k
0
2±. Closing the integration
contour in the upper half plane gives contributions from the pole at k03− and the double pole at k
0
1− = k
0
2−. In the
case of f1,Q(0) the result of the k
0-integration reads
f1,Q(0)(x;P
3) = − g
2P 3
(2pi)3
∫
d2~k⊥
[
Nf1(0)(k
0
3−)
(k03− − k01+)2 (k03− − k01−)2 (k03− − k03+)
+
N ′f1(0)(k
0
1−)
(k01− − k01+)2 (k01− − k03+) (k01− − k03−)
− 2Nf1(0)(k
0
1−)
(k01− − k01+)3 (k01− − k03+) (k01− − k03−)
− Nf1(0)(k
0
1−)
(k01− − k01+)2 (k01− − k03+)2 (k01− − k03−)
− Nf1(0)(k
0
1−)
(k01− − k01+)2 (k01− − k03+) (k01− − k03−)2
]
, (32)
where in one of the terms the derivative N ′f1(0) =
d
dk0Nf1(0) enters. For P
3 →∞ one can recover the standard PDF
f1 in Eq. (27) by using the expression in (32). In this limit, in the region 0 ≤ x ≤ 1 only the first term in the square
brackets of (32) is leading. For x > 1 all terms are power-suppressed, while for x < 0 the first and last term are
leading but the leading powers of the two terms cancel each other.
In order to compute standard PDFs (and GPDs for ξ = 0) in diquark spectator models one can use a cut-diagram
approach with a single on-shell particle (diquark) [95–99]. In this framework, one inserts in the PDF operator a sum
over a complete set of states between the quark fields and, for the calculation of real graphs to O(g2), restricts this
sum to a single diquark. One can verify that this technique provides the same result one finds by computing the
correlator without inserting a complete set of states right from the start and then performing the k−-integration. On
the other hand, care has to be taken for quasi-PDFs. To illustrate this point we consider as an example f1,Q(0) in the
cut-diagram approach. One finds3
f1,Q(0),cut(x;P
3) =
g2
2(2pi)4
∫
dk0 d2~k⊥ (2pi) δ
(
(P − k)2 −m2s
)
Θ(P 0 − k0) u¯(P ) (/k +mq) γ
0 (/k +mq)u(P )
[k2 −m2q + iε] [k2 −m2q − iε]
, (33)
where the delta function and theta function ensure the on-shell diquark with positive energy. Working out the
numerator in Eq. (33) and using
δ
(
(P − k)2 −m2s
)
Θ(P 0 − k0) = 1
k03+ − k03−
δ(k0 − k03−) (34)
provides the result
f1,Q(0),cut(x;P
3) =
g2P 3
(2pi)3
∫
d2~k⊥
1
k03+ − k03−
Nf1(0)(k
0)
[k2 −m2q + iε] [k2 −m2q − iε]
∣∣∣∣
k0=k03−
= − g
2P 3
(2pi)3
∫
d2~k⊥
Nf1(0)(k
0
3−)
(k03− − k01+)2 (k03− − k01−)2 (k03− − k03+)
. (35)
This expression exactly agrees with the first term on the r.h.s. of (32), while the other four terms are missing. The
discussion in the paragraph after Eq. (32) also implies that, for P 3 → ∞, one can recover the standard PDF for
x ≥ 0, but not for x < 0, from the result in (35). In the case of quasi-PDFs, the cut-diagram approach [68, 69] is
therefore a purely phenomenological model that could be used for x ≥ 0. Below we show a numerical comparison of
the expressions in Eqs. (32) and (35).
IV. NUMERICAL RESULTS IN SCALAR DIQUARK MODEL
We first show numerical results for the PDFs and then for the GPDs. Throughout we use the coupling constant
g = 1. Our “standard values” for the masses are M = 0.939 GeV, ms = 0.7 GeV and mq = 0.35 GeV. (Similar values
3 In the cut-diagram approach the sign of the iε term in one of the quark propagators is different from Eq. (31). But the difference does
not matter as the point k2 = m2q is not reached in this method.
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FIG. 1: Quasi-PDF f1,Q as a function of x for different values of P
3. Left panel: results for f1,Q(0). Right panel: results for
f1,Q(3). The standard PDF f1 is shown for comparison.
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FIG. 2: Relative difference, defined in (36), between quasi-PDFs and f1 as a function of x for different values of P
3. Left panel:
results for Rf1(0). Right panel: results for Rf1(3). The maximum values of x for the curves are chosen such that |Rf1| ≤ 4.
for ms and mq have been used for the spectator model calculation of quasi-PDFs in Ref. [68].) We also study how
sensitive our results are to variations of ms and mq. All the numerical results shown in this section are obtained
with the cutoff Λ = 1 GeV for the k⊥-integration. (Note that one needs such a UV regulator only in the case of f1
and H.) For the GPDs we use |~∆⊥| = 0 in all the plots. We have also explored the ranges 1 GeV ≤ Λ ≤ 4 GeV and
0 GeV ≤ |~∆⊥| ≤ 1 GeV. Our general conclusions are not affected by such variations.
A. Results for quasi-PDFs
Our results for the quasi-PDFs f1,Q(0) and f1,Q(3) are shown in Fig. 1 for different values of P
3, along with the
standard PDF f1. For hadron momenta of about 2 GeV or larger there is not much difference between using the matrix
γ0 or γ3. (Note that P 3 ≈ 2 GeV seems within reach for current calculations of quasi-PDFs in lattice QCD [61, 62].)
This is actually a general outcome of our study; only for the quasi-GPD EQ somewhat larger differences show up
between the two definitions, as discussed below. For larger P 3, both quasi-PDFs are quite close to f1 in a wide
x-range. But for large x striking discrepancies exist. To better illustrate this point Fig. 2 shows the relative difference
Rf1(0/3)(x;P
3) =
f1(x)− f1,Q(0/3)(x;P 3)
f1(x)
(36)
between the quasi-PDFs and f1. According to the model, for P
3 = 2 GeV one can hardly go above x = 0.8 if one
wants to keep this difference below 50%. For the quasi-PDFs f1,Q(3) of the nucleon, the very same problem with
the large-x region has already been found in a different version of the diquark model [68] — see also Ref. [69]. The
authors of Ref. [74] have also observed significant discrepancies at large x for model results of quasi-PDFs of pions
and kaons. It is important that in lattice QCD such discrepancies occur as well, but they may be reduced through,
in particular, the matching procedure — see for instance Refs. [61, 62]. While the matching still has uncertainties,
the general situation seems encouraging even for the large-x region. Of course more work is needed to investigate this
crucial point. One also finds that nonnegligible differences occur between the quasi-PDFs and f1 for small x. This
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FIG. 3: Parameter dependence of quasi-PDF f1,Q(0). Left panel: dependence on ms. Right panel: dependence on mq. All
results are for P 3 = 2 GeV. The standard PDF f1 is shown for comparison.
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FIG. 4: Parameter dependence of relative difference between quasi-PDF f1,Q(0) and f1. Left panel: dependence on ms. Right
panel: dependence on mq. All results are for P
3 = 2 GeV.
result is not surprising since f1 is discontinuous at x = 0, whereas the quasi-PDFs are continuous and for large P
3
have to approach zero for negative x — see also the paragraph after Eq. (27).
Information about the dependence of the results on the masses ms and mq is given in Fig. 3 and in Fig. 4. Both f1
and f1,Q(0) change significantly if either ms is increased or mq is decreased. While varying ms affects the distributions
in the entire x-range, varying mq mostly affects the small-x region only. However, the dependence of the relative
difference on changing the masses is milder. In fact there is hardly any dependence of Rf1(0) on mq. On the other
hand, Rf1(0) increases when ms increases. We find the same general outcome for the quasi-PDF f1,Q(3) and even for
the quasi-GPDs. One could therefore conclude that our standard values for the masses are the “optimal choice” in
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FIG. 5: Comparison between full results for the quasi-PDFs (fall poles1,Q ) and results from cut-diagram approach (f
spec. pole
1,Q ).
Left panel: comparison for f1,Q(0). Right panel: comparison for f1,Q(3). All results are for P
3 = 2 GeV.
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FIG. 6: Quasi-GPD HQ as a function of x for different values of ξ and P
3. Left panel: results for HQ(0). Right panel: results
for HQ(3). The standard GPD H is shown for comparison. The limits of the ERBL region are indicated by vertical dashed
lines.
order to minimize the difference between quasi and standard distributions.
Finally, in Fig. 5 we compare the full results for the quasi-PDFs with those obtained in the cut-diagram approach
— see also the related discussion in Sec. III. In the case of f1,Q(0) the analytical expressions are listed in Eqs. (32)
and (35). Obvious modification of these equations gives the corresponding results for f1,Q(3). For positive and not
too small x, making the approximation of keeping the spectator pole only does not have much influence. But more
deviation occurs as x→ 0, and the quasi-PDFs computed in the cut-diagram approach actually get closer to f1. On
the other hand, this method cannot be used for x < 0. We repeat that, even for large P 3, in the negative-x region
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FIG. 7: Quasi-GPD EQ as a function of x for different values of ξ and P
3. Left panel: results for EQ(0). Right panel: results
for EQ(3). The standard GPD E is shown for comparison. The limits of the ERBL region are indicated by vertical dashed
lines.
f spec. pole1,Q(0/3) does not tend to zero.
B. Results for quasi-GPDs
In Fig. 6 and Fig. 7, the results for the quasi GPDs HQ and EQ are shown, respectively. As mentioned above
already, for P 3 >∼ 2 GeV it does not matter very much whether one uses the definition involving γ0 or γ3. Upon a
closer look one finds that EQ(3) better describes the standard GPD E in the large-x region, while EQ(0) does better
in that regard for smaller moderate x. Like for the quasi-PDFs, at very large x the quasi-GPDs do not converge well
to the respective standard GPDs. One could have anticipated this outcome for HQ (due to the relation to f1,Q) but
not necessarily for EQ. In general, the mismatch at large x grows with increasing skewness.
To better visualize, especially for large x, how the quasi-GPDs and standard GPDs compare we show for ξ = 0.1
their relative difference in Fig. 8. The plots in that figure also allow one to directly compare the behavior of HQ and
EQ. At large x, the results for the relative difference are overall very similar to the PDF case. Moreover, there is
apparently no big difference between HQ and EQ. (We do not read too much into the outcome that EQ(0) behaves
poorer in the large-x region than the other quasi-GPDs.) We repeat that for quasi-PDFs obtained in lattice QCD the
matching procedure could lead to a better description of the large-x behavior. In Ref. [93] it has been argued that
for the GPD EQ no nontrivial matching exists. Whether it is therefore harder to find good results at large x for the
GPD E in lattice QCD remains to be seen.
Results of the quasi-GPDs for just the ERBL region are shown in Fig. 9 and Fig 10. (The plots are for the definitions
with γ0, but the general conclusions apply also to the case of γ3.) If ξ is very small, there are significant differences
between the quasi-GPDs and the standard GPDs for the entire ERBL region, with the relative differences becoming
largest as x approaches − ξ. This problem is the GPD counterpart of the problem for quasi-PDFs around x = 0. For
11
P3=2 GeV ms=0.7 GeV mq=0.35 GeV
ξ=0.1
R H (0)
R E (0)
0.2 0.4 0.6 0.8 1.0
x
-4
-3
-2
-1
1
R
P3=2 GeV ms=0.7 GeV mq=0.35 GeV
ξ=0.1
R H (3)
R E (3)
0.2 0.4 0.6 0.8 1.0
x
-4
-3
-2
-1
1
R
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FIG. 9: Quasi-GPD HQ(0) in the ERBL region for different values of P
3. Left panel: results for ξ = 0.01. Right panel: results
for ξ = 0.4. The standard GPD H is shown for comparison.
very small ξ, in the SDM the standard GPDs (rapidly) go to zero at x = − ξ within a very narrow x-range. The
quasi-GPDs in contrast are much smoother in that range, even for the largest P 3 value shown in the plots. On the
other hand, for large ξ the quasi-GPDs converge very well to the standard GPDs for a large part of the ERBL region,
which can be considered an encouraging result.
V. SUMMARY
In this paper we have calculated quasi-GPDs in the SDM. Like quasi-PDFs, which have recently been explored very
intensely, quasi-GPDs are defined through spatial correlation functions that can be computed in lattice QCD. We
have focused on the twist-2 vector GPDs H and E and leave as future work the study of the remaining leading-twist
GPDs. In each case we have considered two definitions for the quasi-GPDs by using the matrix γ0 or γ3 in the
underlying quark-quark correlator. In the forward limit one obtains the quasi-PDFs f1,Q(0/3) as a byproduct. For
all quasi-GPDs we have recovered the analytical results of the corresponding standard GPDs in the limit P 3 → ∞.
This outcome further supports the idea of using quasi-GPDs to get information on standard GPDs in lattice QCD.
All results for quasi distributions are continuous, and we have argued that, in the SDM and similar approaches, this
feature should persist at higher twist. We have also found that the cut-diagram approach, which has frequently been
used to compute parton distributions in spectator models, must be taken with care in the case of quasi-distributions.
For P 3 >∼ 2 GeV the numerical results for the quasi distributions defined with γ0 and with γ3 are very similar. For a
wide x-region the quasi-GPDs are reasonably close to the standard GPDs. This includes the ERBL region, provided
that the skewness variable is not too small. On the other hand, like for the unpolarized quasi-PDFs, at large x the
differences are significant for both HQ and EQ, with the discrepancy increasing as ξ gets larger. We have also verified
that the main conclusions based on the numerics are not affected if the free parameters are varied within reasonable
limits. In general, we believe it is worthwhile to further explore quasi-GPDs from a conceptual point of view as well
as numerically in lattice QCD and in models.
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